By the adjunction formula we have:
The "expected" maximal number of singular points of C is H 0 (S, O S (mH))− 1. By "expected" we mean that this is not a theorem but it is frequently correct. Here is an argument to support it:
Requiring that the curve has a singularity at a given point imposes 3 conditions. We have a 2-dimensional family of points. Thus, requiring that the curve has a singularity at some point imposes 1 condition.
Putting all these formulas together, we obtain that the expected smallest genus forC is:
If d ≥ 5, then this grows linearly with m, and so we expect that, given g, there are finitely many values of m for which |O S (m)| contains a curve of geometric genus g. It is important to keep in mind that this "conclusion" may not hold for every surface S d . It is not at all easy to prove that our conlcusion is essentially correct for very general surfaces. In fact, by [Xu94] , on a a very general S d ⊂ P 3 , any irreducible curve of type S d ∩ H m has geometric genus ≥ 1 2 dm(d − 5) + 2. If d = 2 or 3, then not every curve on S d is a complete intersection (for instance, the lines on smooth quadrics and cubics are not complete intersection). One can show that for d ≤ 3 the linear system |O S (m)| contains rational curves for every m. Instead of proving this fact here, we only prove that if d ≤ 3, then S d contains plenty of rational curves.
1. d = 1. In this case S 1 ∼ = P 2 , and for every m there are plenty of rational curves of degree m (i.e. rational curves that can be obtained as C = S 1 ∩ H m ). These are given by maps φ : P 1 → P 2 sending (s, t) to (φ 0 (s, t) : φ 1 (s, t) : φ 2 (s, t)), where φ 0 (s, t), φ 1 (s, t) and φ 2 (s, t) are homogeneous polynomials of degree m.
Deformation of Morphisms I
We are interested in the following problem: Suppose we have a rational curve C on a smooth variety X. How can we produce more rational curves out of C?
More generally, let X be a smooth quasi-projective variety, Y a projective variety, and f 0 : Y → X a morphism. We would like to deform the morphism f 0 in order to produce more morphisms from Y to X.
That is, we would like to find a map
where 0 ∈ D is a smooth, pointed, algebraic curve. For t ∈ D we set f t = F | Y ×{t} : Y → X, and we also require that F is nontrivial, that is, f t = f 0 for general t. It turns out that the existence of F depends on the choice of D in a very unpredictable manner. We need to replace D with a "very small" neighborhood of 0 ∈ D. In general no affine neighborhood is small enough. Technically the best is to work with the spectrum of the formal power series ring Spec k [[t] ], but this is not very intuitive.
Assume for simplicity that we are over C. Then we get a geometrically appealing picture by working with D = ∆ where ∆ denotes the unit disc in C. That is, we would like to find a map
Here of course F is complex analytic. We also allow ∆ to be replaced by a smaller disc at any time. (All discs in C are biholomorphic to each other, so this is only a matter of convenience.)
Figure 1: Deforming a Rational Curve
Suppose we have such a map. For each p ∈ Y , {f t (p)} t∈∆ is a curve on X. Let v p ∈ T f0(p) X be the derivative of this curve at the point f 0 (p) ∈ X (see Figure 1 ). We "expect" that this correspondence p ∈ Y → v p ∈ T f0(p) X will determine a nonzero element of ∂F/∂t ∈ H 0 (Y, f * 0 T X ). (This is again an expectation only. Given any F (y, t) : Y × ∆ → X we can replace it by G(y, s) := F (y, s 2 ) : Y × ∆ → X to get another morphism with ∂G/∂s = 0.) In this case, however, the expectation is completely correct and we get that:
If H 0 (Y, f * 0 T X ) = 0, then f 0 can not be deformed in a nontrivial way.
(The space of morphisms Y → X).
When studying deformations of a morphism f 0 : Y → X, it is very useful to consider a space parametrizing all morphisms from Y to X, if it exists. It turns out that when X is quasi-projective and Y is projective there is such a space, and it is actually a scheme. We denote it by Hom(Y, X), and we write [f ] for the element of Hom(Y, X) corresponding to the morphism f . We have the evaluation morphism, which is frequently refered to as the universal morphism:
It is also very useful to consider morphisms Y → X sending a given point of Y to a given point of X. More generally, we want to study morphisms Y → X extending a given morphism g : B → X, where B is a closed subscheme of Y . Under the same assumptions as before, there exists a scheme parametrizing such morphisms. We denote it by Hom(Y, X, g). It is clearly a subscheme of Hom(Y, X).
Hom(Y, X) is not always a variety. Usually it has countably many components. However, each irreducible component of Hom(Y, X) is a variety.
These spaces are very complicated in general. However, if H 1 (Y, f * T X ) = 0, then Hom(Y, X) has a very simple description near the point [f ]. This is the content of the first part of the next theorem (see [Kollár96, Sec.I.2] for a proof):
Theorem 5. Let Y be a projective variety (or, more generally, a projective scheme), X a smooth quasi-projective variety, and f 0 : Y → X a morphism.
Hence we obtain that
Example 6. A smooth projective variety X is called Fano if its anti-canonical class −K X is ample (for instance, we can take X to be a smooth hypersurface
In this case (C · K X ) < 0 for every curve C, and we expect curves on X to move a lot. For instance, if f :
The automorphisms of P 1 account for a 3-dimensional family of maps. Thus if dim X ≥ 3 then every rational curve in X moves. In general, the larger the degree of the curve the more it moves.
If X is defined over an algebraically closed field, then a result of Mori shows that through any point of X there passes a rational curve (the next exercise shows this in the hypersurface case, when d ≤ n − 1).
n be a smooth hypersurface of degree d ≤ n − 1 over an algebraically closed field. Show that through every point of X d there is an n − 1 − d-dimensional family of lines. Compute the dimension of the family of all lines on X d and compare it with the above estimate.
Let us study the case C ∼ = P 1 in more detail. Every vector bundle on P 1 splits into a direct sum of line bundles (see [Hartshorne77, V.exrc.2.6]). Therefore we can write, for suitable intergers a i :
Definition 8. If all a i ≥ 0, then we say that f 0 : P 1 → X is free. If all a i ≥ 1, then we say that f 0 : P 1 → X is very free.
Intuitively, a free curve can be moved in every direction, while a very free curve still moves freely in any direction with one point fixed.
Notice that a morphism f 0 : P 1 → X is free (resp. very free) if and only if
Proposition 9. Let X be a smooth quasi-projective variety of dimension n. Let f 0 : P 1 → X be a non-constant morphism.
1. If f 0 is free, then there exists a variety Y of dimension n−1, a point y 0 ∈ Y , and a dominant morphism F :
2. Let Y be an irreducible variety, and F : P 1 ×Y → X a dominant morphism. If the characteristic is 0 then f y := F | P 1 ×{y} is free for general y ∈ Y .
Remark 10. We have an analogous result for very free morphisms. In this case we also require that F :
Proof: (1) Take Z to be a suitable neighborhood of [f 0 ] in Hom(P 1 , X). f 0 is free, thus a given point of P 1 can be moved in arbitrary direction. This implies that the evaluation morphism F : P 1 × Z → X submersive at every point of 
(2) Since F is dominant, there is a dense open set U ⊂ P 1 × Y such that F : U → X is smooth (here we use the characteristic 0 assumption). Therefore, the induced map dF : T P 1 ×Y → F * T X is surjective on U . Let π 2 : P 1 × Y → Y denote the second projection, and assume that y ∈ π 2 (U ). Then
is surjective on an open set. Therefore all the a i ≥ 0.
Corollary 11. Let X be a smooth quasi-projective variety over a field of characteristic 0. If x ∈ X is a very general point, then any morphism f : P 1 → X whose image passes through x is free.
Remark 12. A very general point means a point x ∈ X outside a countable union of closed subvarieties Z i X. Notice that this corollary may say little when X is a variety over a countable field k because in this case we may have X(k) = ∪Z i (k). No such example is known, and this leads to the following open problem:
Is there a smooth projective variety X overQ such that through every point of X there is a nonfree rational curve?
A related question is: Is there a smooth projective variety X overQ such that through every point of X there is a rational curve but rational curves do not cover X K for some algebraically closed field K?
The latter is also interesting, and possibly easier, over finite fields.
Proof: For each (of countably many) irreducible component Z ⊂ Hom(P 1 , X), consider the evaluation morphism F Z : P 1 × Z → X. Since being free is an open condition, the points of Z parametrizing nonfree morphisms form a closed subscheme Z ′ ⊂ Z (notice that we may have Z ′ = Z). By Proposition 9,
Then any morphism f : P 1 → X whose image passes through a point in X \ Z V Z is free.
Example 13. Let X be a smooth Fano variety over an algebraically closed field k. We have already seen that through any point of X there passes a rational curve. If k = C (or any other uncountable field of characteristic 0), then, by Corollary 11, X has free rational curves. Applying Proposition 9, we conclude that some dense open subset of X is covered by free rational curves. In the next section, we shall say something about the existence of free rational curves on X R , once we know that X C has free rational curves.
Deformation of Morphisms II
Sometimes it is useful to consider a wider class of deformations than the one considered in sections 2 and 3. Instead of changing only the morphism f , we also change the source and the target variety as well in a predetermined way.
In order to get this set-up, let 0 ∈ R be an irreducible pointed scheme, and X and Y schemes over R, with X → R smooth and Y → R proper and flat. Let X 0 and Y 0 be the fibers over 0 ∈ R. Starting with a given morphism f 0 : Y 0 → X 0 , we would like to obtain more morphisms f r : Y r → X r .
Like before, there exists a R-scheme Hom(Y/R, X /R) parametrizing morphisms Y r → X r , r ∈ R. Moreover, in analogy with Theorem 5, we have:
There is a commutative diagram: 
Here is an example of how this theorem can be applied: Suppose we have a connected union of rational curves D ⊂ X, and we want to deform it into a rational curve. We represent D as the image of a tree of rational curves C under a morphism f : C → X. Since C itself is reducible, Hom(C, X) will not give us any new integral curve on X. So we find an irreducible scheme R, and a scheme Y which is proper and flat over R, such that the general fiber Y r is an irreducible rational curve, while the special fiber Y 0 is isomorphic to C. (We can usually take R to be A 1 , and Y to be the blow up of P 1 × A 1 at suitable points lying above 0 ∈ A 1 .) We also set
, and nearby fibers have dimension
By choosing a point in one such fiber [f r ] ∈ Z r , we obtain a deformation of f f r : Y r → X r = X × {r} which is a morphism from a rational curve to X.
There is one thing we should be careful about: if these schemes are defined over a non-algebraically closed field k, then it is possible that nearby fibers Z r do not have k-points, and this method does not yield any deformation of D defined over k. We will encounter this situation in Application 18. 
f extends to a morphism
Thus, if for instance R = C 1 , we may have deformations over an analytic neighborhood of 0 ∈ C 1 (realized as an open subset of some T → C 1 ). However, there may be no Zariski neighborhood 0 ∈ U ⊂ C 1 over which a nontrivial deformation exists.
Application 16 (Moving the union of free rational curves). Let X be a smooth variety, and suppose we have 2 rational curves D 1 and
, and Y be the blow up of P 1 × A 1 at some point on the fiber over 0 ∈ A 1 . Then C = Y 0 is the union of 2 rational curves C 1 and C 2 meeting transversely at a point P , while all other fibers are smooth rational curves. We view D 1 ∪ D 2 as the image of a morphism
(Notice that we do not require that D 1 and D 2 meet transversely, nor that they intersect in a single point. If they meet in more than one point, then we choose one of them to be the image of P .)
By Theorem 14,
We claim that this is the case whenever f 1 and f 2 are free.
Indeed, by taking E = (f 1 ∨ f 2 ) * T X0 in exercise 17, we see that if both f 1 and f 2 are free, then H 1 (C, (f 1 ∨ f 2 ) * T X0 ) = 0, and hence D 1 ∪ D 2 can be deformed into a rational curve. We actually have more than that: by taking
, where Q is any point in C 2 \C 1 , we see that
* T X0 (−Q)) = 0. By the Semicontinuity Theorem, H 1 (P 1 , f * r T X (−1)) = 0 for nearby deformations f r : P 1 → X. Hence:
Figure 2: Deforming the union of 2 Free Rational Curves
The union of 2 free rational curves with non-empty intersection can be deformed into a free rational curve.
Exercise 17. Let C = ∪ n i=0 C i be a reduced projective curve of genus zero (i.e with h 1 (C, O C ) = 0) and E a vector bundle on C. Assume that
. . , n, and
Application 18 (Real Varieties). Let X be a smooth variety defined over R, and assume that X C contains free rational curves (defined over C). We investigate the existence of free rational curves (defined over R) on X R . Pick a point P ∈ X(R) and let C ⊂ X C be a free rational curve through P . If C is defined over R, then we are done. Otherwise, letC be its conjugate curve. ThenC is also a free rational curve, and their union is defined over R.
Then Y 0 is the union of 2 conjugate rational curves meeting transversely at one point, while all other real fibers are smooth rational curves defined over R. Y t contains R-points for t > 0 , while Y t (R) = ∅ for t < 0. We view C ∪C as the image of a free morphism f 0 : Y 0 → X 0 .
We have
and nearby fibers have dimension
. Now comes a subtle point: it could be possible that nearby fibers Z r had no R-points. We must show that this is not the case. Let T ⊂ Z be a curve over R passing through [f 0 ], and such that T → R is smooth (and henceétale) at [f 0 ] (for example, we can embed Z in a projective space over R, and then take T to be the intersection of Z with h
). Now we apply the Inverse Function Theorem for real functions, and conclude that T (R) → R 1 is a local homeomorphism at [f 0 ] (in the euclidean topology). Thus we obtain many R-points in a neighborhood of [f 0 ] in T . These points correspond to morphisms f t : Y t → X × {t}, which are defined over R.
Notice that we need that t > 0 in order to get a nonempty curve on X R . The fact that T → R isétale ensures that we can pick such a t.
By taking t near 0, we get that f t is free.
Remarks 19. 1. This argument works if we have a free rational curve C ⊂ X C through a real point. We have seen that if X C contains a free rational curve, then some dense open subset of X C is covered by free rational curves. The set of real points is Zariski dense and so we can start the argument. Except, of course, when X does not have any real points.
One might suppose that in this case the question does not even make sense. There can be no real maps P 1 → X if X has no real points. There is, however, a quite interesting variant. Even without real points, we may have empty real conics (i.e. curves obtained from morphisms P 2. The argument above still works if we replace R by a p-adic field k, and C by its algebraic closurek. This is because a p-adic field also admits an Inverse Function Theorem. Details will be worked out on section 8.
Deforming Non-free Rational Curves
In section 3 we studied deformations of free rational curves, and in section 4 we saw that we can deform unions of free rational curves. In this section we are interested in the following problem:
How can we deform a non-free rational curve on X when X contains many free rational curves?
The main trick is to use combs, which we define now.
Definition 20. A comb over k with n-teeth is a projective curve of genus 0 (i.e. a curve C with h 1 (C, O C ) = 0) having n + 1 irreducible components overk. One component, defined over k, is called the handle. The other n components, C 1 , . . . , C n are disjoint from each other and intersect C 0 in n distinct points. The curves C 1 , . . . , C n may not be individually defined over k. In section 8 we study combs over nonclosed fields in more details, here we care mainly about the algebraically closed case. A comb can be pictured as in Figure 3 .
Figure 3: Comb with n teeth
We start with a non-free rational curve D on a smooth quasi-projective variety X over a field k. Since D is not free, it is possible that we can not deform D. Assume that there are several free rational curves
Then there is a chance that we can deform their union
Let R = A p with affine coordinates y i and X = X ×A p . Let Y be the blow up of P 1 × A p along the subvarieties {z i } × {y i = 0}, i = 1, . . . , p, where the z i ∈ P 1 are distinct points. Then Y 0 is a comb with handle C 0 and teeth C 1 , . . . , C p (in this case the teeth are defined over k). The general fiber is a smooth rational curve, but there are also fibers Y r , r = (r 1 , . . . , r p ) ∈ A p , which are subcombs of
The number of teeth in this subcomb is precisely the number of coordinates of r which equal 0. We view
Notice that Hom(Y 0 , X) only gives us reducible or non-reduced curves on
We shall show that this is the case for large enough p. Notice that, even though we know that some subcurve of D ∪ D 1 ∪ · · · ∪ D p is deformed, we do not know which one.
By Therem 14 and Riemann-Roch, we have
Now consider the restriction morphism Hom(Y 0 , X) → Hom(P 1 , X) to the component C 0 of Y 0 (which is mapped to D by f 0 ). The fibers are isomorphic to
, where Hom(P 1 , X, 0 → x) is the space parametrizing morphisms
Since one has to impose dim X conditions in order to fix the image of the point 0 ∈ P 1 , we get
Therefore we obtain that
By inequalities (5.1) and (5.2), we just need to take
We have proved:
Theorem 21. Let X be a smooth quasi-projective variety, and D any rational curve on X (possibly non-free). If there are enough free rational curves
Remark 22. Given finitely many points on D, we can actually deform some curve D ∪ D 1 ∪ · · · ∪ D m keeping these points fixed. In this case, however, we may need to attach more free rational curves to D before we deform it.
In the next section we will see some applications of this theorem.
Rationally Connected Varieties

(Motivation).
It is rather clear that rational curves form a distinguished class among all algebraic curves. They are the simplest algebraic curves in many aspects (number theoretical, topological, etc.). In dimension two, smooth rational surfaces are the best analogs of rational curves. Their class enjoys several nice properties:
1. (Castelnuovo's Criterion) A smooth projective surface S over C is rational if and only if
2. (Deformation Invariance) If S → T is a family of smooth projective surfaces, and S 0 is rational, then any S t is rational.
3. (Noether's Theorem) If S is a surface, and S → P 1 is a morphism whose general fibers are rational curves, then S itself is rational.
When we move to higher dimensions, and try to classify the "simplest" algebraic varieties, then things get much more complicated. As a first try, one could take rational varieties as higher dimensional analogs of rational curves and rational surfaces. However, there are higher dimensional varieties which behave like rational varieties but are not rational. "Behaving like rational varieties" should be understood as having the relevant properties of rational varieties, for example:
Smooth cubic 3-folds, for instance, behave like rational varieties in many aspects (in particular, they satisfy (6.1) above), but they are not rational (by [ClemGriff72]). Moreover, the analogs of properties (1)-(3) above all seem to fail for rational varieties of dimension 3 and up. Smooth cubic 3-folds satisfy
Another possibility would be to consider unirational varieties. A variety of dimension n is unirational if there is a dominant map φ : P n X. However, the class of unirational varieties still seems to be too small. It is a conjecture that deformation invariance also fails for the class of unirational varieties.
A new concept was proposed in [KoMiMo92] , called rationally connected varieties. The definition was based on the fact that P n has many rational curves, and on the expectation that a variety X behaves like P n iff it has plenty of rational curves. The precise notion will be given in Definition 24 below.
It seems rather clear by now that rationally connected varieties are the right higher dimensional analogs of rational curves and rational surfaces. This class of varieties enjoys many nice properties: 0. The class of rationally connected varieties is closed under birational equivalence.
1. A smooth projective rationally connected variety over C satisfies (6.1) above, and the converse is conjectured to hold.
2. Being rationally connected is deformation invariant.
3. If X is a variety over C, and there is a dominant morphism X → Y to a rationally connected variety Y such that the general fibers are rationally connected, then X itself is rationally connected. (This is Corollary 28.)
The class of rationally connected varieties contains the class of unirational varieties. It should be said, however, that it is still an open problem to show that these classes are in fact distinct.
Definition-Theorem 24. Let X be a smooth projective variety over C. We say that X is rationally connected if it satisfies the following equivalent conditions:
1. There is a dense open set X 0 ⊂ X such that, for every x 1 , x 2 ∈ X 0 , there is a chain of rational curves connecting x 1 and x 2 .
2. There is a dense open set X 0 ⊂ X such that, for every x 1 , x 2 ∈ X 0 , there is a rational curve through x 1 and x 2 .
3. For every x 1 , x 2 ∈ X, there is a rational curve through x 1 and x 2 .
4. For every integer m > 0, and every x 1 , . . . , x m ∈ X, there is a rational curve through x 1 , . . . , x m .
5. For every integer m > 0, and every x 1 , . . . , x m ∈ X, there is a free rational curve through x 1 , . . . , x m .
6. There is a very free morphism f :
We of course need to prove that the 6 versions above are equivalent. The proof is somewhat more transparent if we introduce two other variants:
there is a chain of rational curves connecting x 1 and x 2 . 6 + For every x ∈ X there is a very free morphism f :
The implications (5) → (4) → (3) → (2) → (1) are obvious, and so are (1 + ) → (1) and (6 + ) → (6).
Assume (1) and let us prove (6). The argument also shows that (1 + ) → (6 + ). Let X f be the set obtained in Corollary 11, so that any rational curve meeting X f is free. Since we are working over C,
and let x ′ be any point in X 0 . By hypothesis, there is a chain of rational curves C 1 ∪ · · · ∪ C n connecting x and x ′ . We shall show that there is in fact a chain of free rational curves connecting them. Set x 0 = x, x i = C i ∩ C i+1 for 0 < i < n, and x n = x ′ . We will replace each C i by a free rational curve C ′ i passing through x i and x i+1 . C 0 is itself free because it intersects X f , so we set C ′ 0 = C 0 . Now we deform C ′ 0 to produce many free rational curves D 1 , . . . , D k meeting C 1 . For k large enough we can deform some subcurve C 1 ∪ D i1 ∪ · · · ∪ D im into a free rational curve C ′ 1 , keeping x 1 and x 2 fixed. We do the same with C ′ 0 replaced by C ′ 1 , and C 1 replaced by C 2 , and so on. At the end we get a chain of free rational curves connecting x and x ′ . As in Application 16, we can deform this chain into a free rational curve, keeping x ′ fixed. (We really would like to deform this chain into a free rational curve, keeping x ′ and x both fixed, but this is not automatic.) Now consider the evaluation map F :
We have proved that for every x ∈ X f ∩X 0 there is an irreducible component Z = Z(x) ⊂ Hom(P 1 , X, 0 → x ′ ) such that x is in the closure of F (P 1 × Z(x)). Hom(P 1 , X, 0 → x ′ ) has only countably many irreducible components, hence there is a single irreducible component Z * ⊂ Hom(P 1 , X, 0 → x ′ ) such that F | P 1 ×Z * is still dominant. By Remark 10 we conclude that f is very free for general [f ] ∈ Z * . Now let us prove that (6) implies (1 + ). Let f : P 1 → X be a very free morphism. As in Proposition 9, there exist a variety Y of dimension dim X − 1, a point 0 ∈ Y , and a dominant morphism
If x 1 , x 2 are in the image of F : P 1 × Y → X, then we have a length 2 chain connecting x 1 to x 0 and then to x 2 . Otherwise, we still have a one-parameter family {f t } of deformations of f fixing x 0 which degenerates into a tree of rational curves T 1 connecting x 1 and x 0 (see Figure 5) . Similarly there is a tree of rational curves T 2 connecting x 2 and x 0 .
To see that a 1-dimensional family of rational curves on X can only degenerate into a union of rational curves, we represent this family by the image of a morphism φ : S → X, where S is a P 1 -bundle over a smooth curve T . LetT a smooth compactification of T , and letS → T be a P 1 -bundle extending S → T . Letφ :S X be a rational map extending φ. Ifφ is a morphism, then we are done. Otherwise we perform a sequence of blow ups of pointsS →S in order to resolve the indeterminancy ofφ, and obtain a morphismφ :S → X extending φ. The result follows from the fact that blow ups of points only add copies of P 1 to the fibers over t ∈T .
We complete the proof by showing that (6 + ) → (5). For every x i there is a very free morphism f i : P 1 → X with f i (0:1) = x i . As in Proposition 9, there are pointed varieties y i ∈ Y i of dimension dim X − 1,
Figure 5: A rational curve moving with one point fixed, and then degenerating into a union of rational curves.
and dominant morphisms
We may also assume that F i | P 1 ×{y ′ } is very free for every y ′ ∈ Y i . Let X * ⊂ X be an open set contained in all the images
1 → X be a very free morphism intersecting X * and pick points c 1 , . . . , c m ∈ C 0 such that g 0 (c i ) ∈ X * . By the choice of X * there are
We can think of the morphisms g 0 , g 1 , . . . , g m together as a single comb passing through the points x 1 , . . . , x m . All the g i are very free, and using Application 16 we can deform this to a single very free morphism P 1 → X passing through each x i . Now that we have established our definition, we can show that the class of rationally connected varieties enjoys several good properties.
Let us start with one half of Castelnuovo's theorem:
Theorem 25.
[KoMiMo92] Let X be a smooth, projective, rationally connected variety over C. Then
Proof: Choose f :
X is a direct sum of negative degree line bundles, and so is every tensor power. So any section of of Ω 1 X ⊗m vanishes along f (P 1 ). As f varies, the images f (P 1 ) cover a open set, so we can not have a nonzero section.
It would be really interesting to know that the converse also holds, but this is known only in dimension 3 [KoMiMo92] .
The deformation invariance: Proof: Let x 1 , x 2 ∈ X be general points. We shall show that they can be connected by a chain of rational curves. Since Y is rationally connected, there is a smooth rational curve D ⊂ Y joining f (x 1 ) and f (x 2 ). Let Z = f −1 (D), and consider the restriction of f to Z, f Z : Z → D ∼ = P 1 . By Theorem 27, f Z has a section C ⊂ X. Let x ′ 1 (resp. x ′ 2 ) be the intersection point of C with the fiber X f (x1) (resp. X f (x2) ). Since the general fiber of f is rationally connected, there is a rational curve C 1 ⊂ X f (x1) (resp. C 2 ⊂ X f (x2) ) joining x 1 and x ′ 1 (resp. x 2 and x ′ 2 ). Then C 1 ∪ C ∪ C 2 is a chain of rational curves through x 1 and x 2 (see Figure 6 ).
(Rational connectedness in positive characteristic).
In characteristic p, the conditions of Definition-Theorem 24 are not equivalent, and we have two distinct concepts, rationally connected varieties, and separably rationally connected varieties, which we define below. Let X be a projective variety defined over an arbitrary uncountable algebraically closed field. Then the following two conditions are equivalent:
1. Through two general points of X there passes a rational curve.
2. There exists a P 1 -bundle U → Z and a morphism U → X such that the induced morphism U × Z U → X × X is dominant. ((x 1 , x 2 ) ∈ X × X is in the image of this morphism if and only if there is a fiber U z , z ∈ Z, whose image in X contains x 1 and x 2 .) However, in positive characteristic these conditions do not imply the existence of a very free morphism f : P 1 → X. It turns out that the following two conditions are equivalent:
Figure 6: Joining x 1 and x 2 by a chain of rational curves 3. There is a morphism f :
4. There exists a P 1 -bundle U → Z and a morphism U → X such that the induced morphism U × Z U → X ×X is dominant and smooth at the generic point.
This motivates the following definition:
Definition 30. Let X be a smooth and projective variety over an arbitrary field k. We say that X is separably rationally connected if there is a morphism (defined overk) f :
Over fields of characteristic 0, the notions of rationally connected and separably rationally connected varieties coincide. However, there are examples of varieties in positive characteristic satisfying condition (1) above but not (3).
We will study separably rationally connected varieties over local fields in section 8.
Genus Zero Stable Curves
In the last sections we saw that it is very useful to be able to deform reducible curves into irreducible ones. Frequently, we also need to degenerate rational curves until they become reducible. For all of these processes it is very convenient to have a good theory that encompasses all genus zero curves in one object.
One possibility is to work with pairs (C, g), where C is a connected and reducible curve of genus zero (that is, with h 1 (C, O C ) = 0) and g : C → X is a finite morphism. Geometrically these objects are easy to see. A technical problem arises, however, when C has m ≥ 3 irreducible components meeting at a point. Here locally C looks like the m coordinate axes in A m . There are at least two problems.
1. The dualizing sheaf ω C is not locally free, making duality less useful.
2. The deformation theory of this object is rather complicated.
[KontsevichManin94] observed that it is better to insist that C have only nodes. The price we pay is that we have to allow g : C → X to map some irreducible conponents of C to points. This also means that even a reasonably nice curve in X will not correspond to a unique g : C → X. As before, we can represent this object by a morphism g : C → D where C has 5 irreducible components. A curve C i for every irreducible component D i of D and one more C 0 which is mapped to their common intersection point. This time we have 4 nodes on C 0 and these four points have moduli, the cross ratio.
We will also have 3 degenerate cases when 2 of the nodes on C 0 come together. We represent them by adding 2 extra components
intersect each other and each intersects 2 of the curves C 1 , . . . , C 4 (see Figure 7) . Definition 32. Let X be a scheme over a field k. A stable curve over X is a pair (C, f ) where 1. C is a proper connected curve with only nodes, 2. f : C → X is a morphism, and 3. C has only finitely many automorphisms which commute with f . Equivalently, the following 2 types of irreducible components C i ⊂ C are excluded:
(a) C i ∼ = P 1 , the number of nodes on C i is at most 2 and f (C i ) is a point in X. (b) C i is elliptic, there are no nodes on C i and f (C i ) is a point in X. We will also need to study cases when all the curves have to pass through certain points of X. Over an algebraically closed field these are just points, but in the nonclosed case we should keep track of the scheme structure on the points. This is the role of the scheme P in the definition below.
Definition 33. Let X be a scheme over a field k. Let P be a smooth zero dimensional k-scheme and t : P → X a morphism. A stable curve over X with base point t(P ) is a triple (C, f, σ) where 1. C is a proper connected curve with only nodes, 2. σ : P → C is an embedding into the smooth locus of C, 3. f : C → X is a morphism such that t = f • σ, and 4. C has only finitely many automorphisms which commute with f and σ.
We usually work with families of curves:
Definition 34. A family of stable curves over X with base point t(P ) is a triple (C, f, σ) where 1. C → U is a flat, proper family of connected curves with only nodes over a k-scheme U ,
X is a stable curve with base point t u (P u ) for every u ∈ U , and
A basic theorem, due to [Alexeev96] , asserts that one can parametrize all stable curves with a single scheme. The relevant notion is the concept of coarse moduli spaces, introduced by Mumford.
Theorem 35. Let X be a projective scheme over a field k with an ample divisor H. Let P be a smooth zero dimensional k-scheme and t : P → X a morphism. Fix integers g and d. Then there is a projective schemeM g (X, d, t) which is a coarse moduli space for all genus g stable curves (C, f : C → X, σ : P → C) with base point t(P ) such that f * [C] · H ≤ d.
(What does this mean?).
We want to say that there is a "natural" correspondence between the set of all stable curves and the points ofM g (X, d, t). For our purposes this means the following two requirements:
1. There is a bijection of sets
is a family of degree d stable curves with base point t(P ) then there is a unique moprhism
M U is called the moduli map
This is all somewhat awkward, but one can not achieve more in general. For instance, (1) usually fails over nonclosed fields.
We usually do not care about the degree, and use the schemeM g (X, t) which is the union of all theM g (X, d, t). The larger schemeM g (X, t) is not projective since it has infinitely many connected components.
We also need to know a little about the infinitesimal description ofM g (X, t) near a stable curve (C, f : C → X). As usual, if X is smooth, this is governed by the cohomology groups of the pull back of the twisted tangent bundle f * T X (−σ(P )). The moduli space is usually very complicated, but its local structure is nice in some cases.
Trouble is coming from 2 sources. First, if H 1 (C, f * T X (−σ(P )) is large then one can say little beyond a dimension estimate, as in Theorem 5.3. Second, if (C, f : C → X, σ : P → C) has automorphisms commuting with f and σ, then M g (X, t) looks like the quotient of a "nice" variety by a finite group. This can be quite complicated, especially in positive characteristic. This accounts for the somewhat messy formulation of (37.5). Fortunately, this seemingly cumbersome form is more useful for many purposes. See [FultPan97, Sec.1] for proofs. (The "convexity" assumption in [FultPan97] is used to ensure the freeness of every stable curve. The proof works unchanged with the freeness assumption instead.)
Theorem 37. Let X be a smooth projective variety over a field k. Let P be a smooth zero dimensional k scheme and t : P → X a morphism. Set |P | := dim k O P . Let (C, f : C → X, σ : P → C) be a stable curve of genus g with base point t(P ). Assume that H 1 (C, f * T X (−σ(P )) = 0. Then
There is a unique irreducible component
2. If (C, f, σ) is defined over k then so is Comp(C, f, σ) and Comp(C, f, σ) is geometrically irreducible.
3.
There is an open subset of Comp(C, f, σ) which corresponds to irreducible curves.
5. There is a smooth pointed k-scheme u ∈ U and a family of stable curves
such that the corresponding moduli map
is quasifinite and open. If C has no automorphisms commuting with f and σ, then we can choose M U to be an open embedding.
The definitions and results we have seen so far in this section can be generalized to the relative setting. This means that instead of working with schemes over a field k, we fix a noetheria scheme S, and work with schemes over S. That is what we are going to do in the remaining of this section. These definitions and results will be used in [Kollár02] .
First we redefine stable curves:
Definition 38. Fix a noetherian scheme S. Let X be a scheme over S, P → S a smooth, finite morphism and t : P → X a morphism. A stable curve over X with base point t(P ) is a triple (C, f, σ) where Theorem 39. Fix a noetherian base scheme S. Let X be a projective scheme over S with an ample divisor H. Let P → S be a finite and smooth morphism over S and t : P → X a morphism. Fix integers g and d. Then there is a projective schemeM g (X, d, t) which is a coarse moduli space for all genus g stable curves (C, f, σ) with base point t(P ) such that
Finally, in analogy with Theorem 37 we have:
Theorem 40. Let S be a normal scheme and X a smooth projective scheme over S. Let P be a smooth and finite S-scheme and t : P → X a morphism. Let k be a field, Spec k → s ∈ S a point in S and (C, f : C → X k , σ : P k → C) a stable curve of genus g and degree d with base point t s (P s ) over k. Assume that
is an S-scheme with geometrically irreducible generic fiber over S.
There is an open subset of Comp(C, f, σ) which corresponds to irreducible stable curves.
5. There is a pointed S-scheme u ∈ U , smooth over S and a family of stable curves
Finding Rational Curves over Nonclosed Fields
Let X be a smooth projective separably rationally connected variety over a field k. By definition, X has plenty of rational curves overk, but we know very little about rational curves over k. It is possible that X(k) = ∅, and then we certainly do not have any morphisms P 1 → X defined over k.
Thus assume that we have a point x ∈ X(k). Can we find a rational curve f : P 1 → X defined over k and passing through x? It is quite unlikely that such a curve always exists, but no counterexample is known. Here we discuss a weaker version of the problem, which allows us to settle the above question for certain fields.
Consider the spaceM 0 (X, t) of genus zero stable cuves through x and let Z i be its irreducible components overk. The Galois group Gal(k/k) acts on the set of all components. If there is a free rational curve (P 1 , f :
Our aim here is to construct such geometrically irreducible components of M 0 (X, t) which are defined over k. For local fields we can then actually find k-points of Z i , but in general this seems rather difficult.
The main method is to assemble combs from given morphisms. That is what we define next.
Definition 41. Let X be a k-variety and x ∈ X(k). Assume that we have morphisms f i : P 1 → X such that f i (0:1) = x for i = 1, . . . , n. Let C := C 0 ∪ · · · ∪ C n be a comb with handle C 0 . Choose identifications C i ∼ = P 1 such that the node is identified with (0:1). Define a morphism
(C, F ) is called a comb assembled from the f i . If n ≥ 3 then the pair (C, F ) is a stable curve over X, provided none of the f i are constant. A comb assembled from the f i is not unique, but all the combs assembled from the f i form an irreducible family (parametrized by the space of n points on C 0 ∼ = P 1 ). It is natural to think of the f i as maps inM 0 (X, Spec k → x). In this case we can pick an extra point p 0 ∈ C 0 and set σ : Spec k → p 0 . This makes (C, F, σ) into a stable curve with base point p 0 → x, provided that n ≥ 2 and none of the f i are constant. It is called the base pointed comb assembled from the f i .
Assume next that the
are defined only overk, but they form a conjugation invariant set over k. Again we would like to assemble all the f i into a single element ofM 0 (X, t : Spec k → x). We can view each f i as a point ofM 0 (X, Speck → x). This identifies the collection {f i } with a zero dimensional smooth suscheme T ⊂M 0 (X, Spec k → x). (See Remark 43 for some further clarification in positive caracteristic.) The {f i } correspond to a morphism f T : P Fix a copy C 0 ∼ = P 1 and an embedding j : T ֒→ C 0 . This determines a comb C with teeth P 1 T whose nodes coincide with j(T ). We can now define a morphism
C and F are both defined over k. As before, we can pick a point p 0 ∈ C 0 (k) to get a comb (C, F, σ), called a pointed comb assembled from the f i . If n ≥ 2 then (C, F, σ) is a stable curve over X with base point Spec k → x, provided none of the f i are constant.
As before, a comb assembled from the {f i } is not unique, but all the combs assembled from the f i form an irreducible family (parametrized by the space of all embeddings T ֒→ P 1 ).
Proposition 42. Let X be a smooth projective variety, x ∈ X(k) a point. Let Proof. Set E = F * T X (−σ(P )). Since F maps C 0 to a point, f * T X | C0 = O ⊕n C0 . Thus H 1 (C 0 , E| C0 ) = 0. For any other C i , E| Ci (−1) ∼ = f * i T X (−1) and this has no H 1 since f i is free. Thus (C, F, σ) is a free stable curve with base point Spec k → x by Exercise 17.
By Theorem 37, each (C, F, σ) is contained in a unique irreducible component Comp(C, F, σ) ⊂M 0 (X, Spec k → x). All the (C, F, σ) form an irreducible variety, hence Comp(C, F, σ) does not depend on the choice of the comb. Geometric irreducibility follows from Theorem 37.
Remark 43. In positive characteristic we have to deal with the possibility that f i : P 1 → X is not defined over a separable field extension. In this case, we compose f i with a power of the Frobenius P 1 → P 1 to get a new morphism f ′ i : P 1 → X which is now defined over a separable field extension. The rest of the argument goes as before.
The automorphism group of the comb becomes a rather unpleasant nonreduced group scheme, but this does not affect the rest of the construction.
As a first application of combs, we prove a result about separably rationally connected varieties over local fields.
Definition 44. For our purposes local fields are 1. Finite degree extensions of the p-adic fields Q p , 2. Power series fields over finite fields F q ((t)), 3. R and C.
For all of these fields we have an analytic implicit function theorem, thus if X n is a variety over a local field k, and x ∈ X(k) is a smooth point, then a neighborhood of x in the analytic variety X(k) is biholomorphic to a neighborhood of 0 in k n . In particular, if X has one smooth k-point then the k-points are Zariski dense.
Theorem 45. Let k be a local field and X a smooth projective separably rationally connected variety. Let x ∈ X(k) be a point.
Then there is a nonconstant free morphism, defined over k f : P 1 → X such that f (0:1) = x.
Proof. By asumption, there is such a morphism g over a finite degree extension k ′ /k. Use g and all of its conjugates to assemble a comb (C, F, Spec k → x) which is a free stable curve over Spec k → x by Proposition 42.
By Theorem 37.5 there is a smooth pointed k scheme u ∈ U and a dominant, quasi finite morphism (u ∈ U ) → Comp(C, F, Spec k → x).
Since k is a local field, U (k) is Zarsiki dense in U , thus the k-points are Zariski dense in Comp(C, F, Spec k → x). Therefore there is a k-point which corresponds to an irreducible curve C → X. C comes with a k-point σ(Spec k), so C ∼ = P 1 . The construction of Proposition 42 can be made simultaneously for all points:
Proposition 46. Let X be a smooth, projective separably rationally connected variety over a field k. There is an X-scheme W → X and a morphism F : W × P 1 → X × X commuting with the first projection to X such that 1. Every fiber of W → X is geometrically irreducible.
2. For every x ∈ X, the induced morphim
corresponds to a free open subset ofM 0 (X k(x) , t : Spec k(x) → x).
Proof. Let x g ∈ X be the generic point. As in Proposition 42, we obtain a geometrically irreducible component
By specialization we obtain a geometrically irreducible component W x ⊂ M 0 (X k(x) , Spec k(x) → x) for x in an open set X 0 ⊂ X. Continuing with the generic points of X \ X 0 we eventually take care of all points of X. It is quite likely that one can choose W to be irreducible and W → X smooth but the above construction gives neither.
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